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A primary goal for cosmology and particle physics over the coming decadewill be to unravel
the nature of the dark energy that drivesthe accelerated expansion of the Universe. In par-
ticular, determination of the equation-of-state of dark energy, w p=, and its time variation,
dw=dz, will be critical for developing theoretical understanding of the new physics behind this
phenomenon. Type la supernovae (SNe) and cosmic microwave background (CMB) anisotropy
are eath sensitive to the dark energy equation-of-state. SNe alone can determine w(z) with
some precision, while CMB anisotropy alone cannot becauseof a strong degeneracybetween
the matter density u and w. However, we show that the Planck CMB mission can signif-
icantly improve the power of a deep SNe survey to probe w and especially dw=dz. Because
CMB constraints are nearly orthogonal to SNe constraints in the v {w plane, for constraining
w(z) Planck is more useful than precise determination of . We discusshow the CMB/SNe
complemertarit y impacts strategies for the redshift distribution of a supernova survey to de-
termine w(z) and conclude that a well-designed sample should include a substartial humber of

supernovae out to redshifts z 2.

I.  INTR ODUCTION

Recen obsenations of Type la supernovae (SNe) have
provided direct evidencethat the Universeis accelerat-
ing [, E] indicating the existence of a nearly uniform
dark-energy componert with negative e ectiv e pressure,
w p= < 1=3. Further evidence for dark energy
comesfrom recent cosmicmicrowave badkground (CMB)
anisotropy measuremets pointing to a spatially at, crit-
ical density Universe,with ¢ = 1, combined with a num-
ber of indications that the matter density y ' 0:3 [E];
the “missing energy' must also have su cien tly negative
pressurein order to allow time for large-scalestructure
to form [H]. Together, these two lines of evidenceindi-
cate that dark energy composes70% of the energy den-
sity of the Universeand has equation-of-state parameter
w < (0:5 0:6) [E]. Determining the nature of dark
energy in particular its equation-of-state, is a critical
challenge for physics and cosmology

At presen, particle physicstheory provideslittle to no
guidanceabout the nature of dark energy A cosmological
constart|the energyassaiated with the vacuuml|is the
simplestbut not the only possibility; in this casew = 1
and is time independert, and the dark energy density is
spatially constart. Unfortunately, theory hasyet to pro-
vide a consistert description of the vacuum: the energy
density of the vacuum, at most 10 °eV*, is at least 57

orders of magnitude smaller than what one expects from
particle physics|the cosmologicalconstart problem [@.
In recert years, a number of other dark energy models
have beenexplored, from slowly rolling, ultra-light scalar
elds to frustrated topological defects[ﬂ]. Thesemodels
predict that w 6 1, that w may ewlvein time, and that
there may be small spatial variations in the dark energy
density (of lessthan a part in 10° onscales H, ! [E]). In
all models proposedthus far dark energy can be charac-
terized by its equation-of-statew. Measuringthe presen
value of w and its time variation will provide crucial clues
to the underlying physicsof dark energy

As far as we know, dark energy can only be probed
directly by cosmological measuremets, although it is
possiblethat laboratory experiments could detect other
physical e ects assaiated with dark energy e.g., a new
long-rangeforce arising from an ultra-ligh t scalar eld [E].
Dark energy a ects the expansionrate of the Universe
and thereby in uences cosmologicalobsenables such as
the distancevs. redshift, the linear growth of density per-
turbations, and the cosmologicalvolume elemen (see,
e.g., [@]). Standard candlessud as Type la supernovae
o er adirect meansof mapping out distancevs. redshift,
while the CMB anisotropy can be usedto accurately de-
termine the distance to one redshift, the last scattering
epoch (z.s ' 1100). Becausethey measuredistancesat
sud di erent redshifts, the SNeand CMB measuremets



have complemenary degeneraciesn the  {w plane,
as has been emphasizedpreviously [[LJ]. More recenly,
Spergel & Starkman [@] have suggestedthat this com-
plemertarit y arguesfor using supernovaeat relativ ely low
redshift, z  0:4, to most e cien tly probe dark energy
In so doing, they used a highly simplied model which
did not considera spread of SNein redshift, systematic
error, possibleewolution of w, or the nite precisionwith
which planned CMB missionscan actually constrain
and w.

By including these\real-w orld" e ects, this paper clar-
i es the complemenarity of the CMB and SNe and ex-
plores strategies for best utilizing it in SNe surveys to
probe the properties of dark energy We show that dark
energy-motivated supernova surveys should target SNe
over a broad range of redshifts out to z 2, and that
CMB/SNe complemernarity in fact strengthensthe case
for deepSNe surveys.

Il. HOW SUPERNO VAE AND THE CMB
PR OBE DARK ENER GY

Supernovae and the CMB anisotropy probe dark en-
ergy in dierent ways and at di erent epochs. Howe\er,
both do sothrough the e ect of dark energy on the co-
moving distancevs. redshift relation, r (z). For a spatially
at Universeand constart w:

Zz dz
o H(2)=Ho (1)

W)L+ 2%

Hor(z) =

(H=Ho)?= m(1+2)°%+ (1

where |\ is the presen fraction of the energy density
contributed by non-relativistic matter. This relation is
easily generalizedto non-constart w and a curved Uni-
verse[@]; for notational simplicity we write this and suc-
ceedingformulae in terms of constart w, though we gen-
eralize them to the ewlving casein our analysis. It is
becauseHr(z) depends upon only two quartities,

and w, that prior information about \ (or two inde-
pendert combinations of |\ and w) has suc potential

to improve the e cacy of a cosmologicalprobe of dark
energy basedupon Hgr (2).

CMB experiments can determine the positions and
heights of the acoustic peaks in the temperature
anisotropy angular power spectrum to high accuracy
The positions of the acoustic peaks in angular multi-
pole spacedepend upon the physical baryon and matter
densities gh? and yh% on y, w, and to a lesser
extent other cosmological parameters (e.g., [E, E]).
Anisotropy measuremets from the Planck [E] mission,
planned for launch later in the decade,should determine
the positions of the peaksto better than 0.1%;the heights
of the peakswill determine \ h? and gh? (and other
cosmological parameters) to roughly percernt precision
[@]. Together, these measuremets should constrain a
combination of y and w alone (e.g., [LG, [L]) to about

10%precision. In particular, in the vicinit y of the ducial
valueswg= 1and g = 0:3, the combination

D M 0:94 MO(W W())
M 0:28(1+ w) = 0:3

(2)

will be determinedto about p '  0:03( m0=0:3) (this
result follows directly from Eq. 18 of Ref. [@] by setting

=l = 0= o = 0). The resulting 68% CL error el-
lipse in the \ {w plane predicted for Planck is shonn
in Fig. . Polarization information could in principle im-
prove the precisionwith which D is determined by about
50% [Q], absert problemswith foregroundsor the polar-
ization measuremets themsehes.

The MAP CMB mission [@] currently underway
should determine D to a precisionthat is about 10 times
worsethan Planck, assumingtemperature anisotropy in-
formation alone. This constraint is too weak to usefully
complemen the SNe measuremets. Howewer, if MAP
polarization measuremets are successfulthis constraint
could be improved by about a factor of two [@]; we dis-
cussthe potential impact of MAP further in Sec.[V A 3.

As an aside,we note that the physical baryon and mat-
ter densities do not directly impact the determination
of the properties of dark energy Rather, together with
other cosmologicalmeasuremets, they can be used to
determine . In the following Sections we illustrate
how independert knowledgeof \ canimprove the de-
termination of w.

Measuremems of the energy uxes and redshifts of
Type la supernovae provide an estimate of the lumi-
nosity distance as a function of redshift, d_ 1+
2)r(z). As an example of a supernova survey, the Su-
pernova/Acceleration Probe (SNAP) [@] is a proposed
space-basedelescope to obserne 3000 SNe la out to
redshift z  1:7, specically designedto probe dark en-
ergy. Toillustrate the essetial principles for suc a sur-
vey, though not all the details, we make the simplifying
assumptionthat SNela are nearly standard candles(af-
ter correction for the obsened correlation betweenlight-
curve decline rate and peak luminosity [). With this
assumption, the meanpeak energy ux from a supernova
at redshift z is:

C10 0:4M B (10100:4 )10 0:4M

F(2) = = =
@= 7% 2 o
) (1019C=4 )10 %M .
Z, 2
a+22 P &

0 m(@+2)3+ (1 m)A+ 23w
where C= 3:02 10%® ergsec ! is an unimportant con-
stant, M is the meanabsolute peak magnitude of a Type
la supernova, and M = M  5log(Ho) + 25, with dis-
tancesmeasuredin Mpc.

It is important to note sewral things from Eqg. (3).
First the energy ux at xed Hoed_ dependsonly upon
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FIG. 1: 68% CL \error ellipses"in the y {w plane for
3000SNeall at a single redshift z = 0:3; 1:0, or 2:0, and
for the Planck CMB anisotropy measuremen (without
polarization), assuminga ducial modelwith o= 0:3
and wo = 1. Becauseobsenations at a single redshift
cannot break the parameter degeneraciesthe ellipsesdo
not close. As expected, the CMB constraint lies along

m = 0:3+ 0:28(1+ w). At higher z, the SNe ellipses
become narrower but less orthogonal (complemertary)
to the CMB ellipse. Note, a matter-density prior corre-
sponds to a vertical stripe, which is less orthogonal to
the SNe ellipsesthan the CMB ellipse. This is the basic
reasonwhy a CMB prior is more e ectiv e than a matter-
density prior.

the combination M and not upon M and Hg separately
Thus, the cosmologicalparameters \ and w can be
determined by measuringratios of uxes at di erent red-
shifts, which are independert of M , and soM is some-
times referred to as a nuisance parameter and can be
easily marginalized over. Second,since Hod. ! z for
z! 0, low-redshift supernovae can be usedto determine
M,
Z’F(z) ! (10'°C=4 )10 %M asz! O 4)
For example, a sample of 300 low-redshift supernovae
e.g., as will be targeted by the Nearby SN Factory
[R1]) could be usedto pin down M to a precision of
(0:01 0:02). Finally, an absolute calibration of nearby
SNe la luminosities by another reliable distance indica-
tor (e.g., using Cepheid variablesto determine distances
to galaxiesthat host SNela [@]) can determine M ; to-
gether, M and M then x the Hubble constart, but we
emphasizethat this is not neededto probe dark energy
For a survey of SNe la, the likelihood function for
the three parametersthe supernova energy ux depends

upon is given by

[Fi  F(z)]?

Lsne( miw;M )/ 57
i

i EXp

()

where z; are the redshifts of the supernovae, F; are their
measured uxes, and ; are their measuremenh uncer-
tainties (which alsoincludes any random intrinsic spread
in peak SNe la luminosities).

Unlik e the CMB, which probes the angular diameter
distanceat a single, xed redshift z s, the e cacy of SNe
for determining w dependsupon the redshift distribution
of the supernovae. As a rst example, Fig. sh(ws how
well 3000supernovae at a single redshift could constrain

m and w, assuminga random ux error of 0.15 mag
per supernova. Becausethe sensitivity of the comoving
distancer(z) to the dark energy equation-of-state (e.qg.,
asmeasuredby dr=dw) increaseswith redshift, the ellipse
shrinks for SNe at higher redshift [@].

While Fig. [l| displays important trends, we note that
a realistic survey would not target SNe all at one red-
shift. Such a delta-function redshift distribution is very
much lessthan optimal for constraining w (as we shaw in
Sec.) and would be very ine cien t, sincelarge num-
bers of discovered SNewould haveto be discarded. More
importantly, a broad distribution of SNeredshifts is cru-
cial for addressingsystematic/evolutionary trends in the
SNe population, which must be under cortrol if SNe (or
anything else)are to be valid probesof dark energy

In addition, there is much more to studying dark en-
ergy than determining the averagevalue of w in the most
e cien t manner. Constraining the time variation of the
equation-of-state is critical for understanding the nature
of dark energy The CMB has no sensitivity to ewolution
of w; SNe can probe time variation of w, and a broad
distribution of SNe redshifts (out to z  2) is required
to achieve it, as we show below. In Sec.|V| we discuss
strategies for the distribution of SNe redshifts and re-
sults for some plausible examples. Finally, determining
cosmologicalparameters (here \, and w) by two very
di erent techniques has the virtue of providing consis-
tency cheds on the framework of dark energy aswell as
the Friedmann-Robertson-Walker cosmology[fid, fL3.

I1l. CMB/SNE COMPLEMENT ARITY

Sometrends in the CMB/SNe complemenarity are il-
lustrated in Fig. . For the ducial model (wg = 1,

mo = 0:3), the Planck error ellipse in the y{w
plane is approximately oriented along the line '
0:3+ 0:28(1+ w), asindicated by Eq. (2). By cortrast,
the error ellipse for 3000 SNe at xed redshift has neg-
ative slope in this plane; with increasing redshift it ro-
tates toward \ = const, and its width narrows. The
reasonfor the rotation is simple: at high redshift, matter
becomesmore dynamically important than dark energy
and the SNe are therefore probing the matter density.



While the width of the SNeellipse shrinks with increasing
redshift, it becomeslesscomplemerary with the CMB
ellipse. Fig. also makesit clearwhy CMB anisotropy is
more complemenary than the matter density informa-
tion: the matter density prior, which correspnds to a
vertical stripe, is lessorthogonal to the SNe ellipse.

To be quartitativ e, it is usefulto write down the joint
likelihood function:

Lioint = Lsne Lcwms L other - (6)
The CMB likelihood function can be approximated as
2
Lewe = Leome o( miw)  exp (827280)
( 2 ® ()
M MO
exp —————
22
where
D Do)?
I—CMB :0 / exp % X (8)
2
D
D= nm 0:28(1+ w), Dg' 0:3isthe ducial value of
D, p ' 0:1Dg is the projected accuracy for Planck?,
g = 1:88 gh? 10 ?®®gcm 3, y = 1:88 yh?

10 ?°gcm 3, ggisthe ducial value of the baryon den-
sity, and \ o is the ducial value of the matter density.

As noted in Sec.[l, the CMB determination of the
baryon and matter densitiesis not directly usefulfor con-
straining dark energy: when the joint lik elihood function
is marginalized over the matter and baryon densitiesto
obtain the one-dimensional probability distribution for
w, the integrations over gh? and  h? aretrivial. On
the other hand, if we can obtain information about M
(from non-SNe distance measuremets) and M (from
low-redshift SNe) and thereby (or otherwise) constrain
Ho, then the CMB determination of  h? constrains

m aswell, which would directly impact the joint deter-
mination of w. Of course, any other external determi-
nation of  would have the samee ect; later, we will
discusshow various |\ priors a ect the determination
of w.

Assuming no information about M (or equivalently
Hy), the joint likelihood function becomes

Lioint( m:;W)=Lcme;o Lsne 9)
From this function, we obtain one-dimensionalprobabil-
ity distributions for w by marginalizing over . As a
rst case,we againassumea baselinesampleof 3000SNe
all at oneredshift, with a random ux error of 0.15mag

per supernova. In Fig. E we show the e ect of includ-
ing CMB or |\ information in the determination of the

INote that this is merely illustrativ e. In fact we treat D by the
exact expression for the distance to the last scattering surface, i.e.,
Eq. (1) generalized to evolving w(z).
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FIG. 2: The predicted 1- uncertainty in the equation-
of-state parameter w for 3000 SNe at a single redshift z,
with matter density and CMB priors as indicated (and
the same ducial model asin Fig. ﬂ). The dotted curve
in eat caseincludesthe e ect of a 0.02 mag irreducible
systematic error in measuringthe energy ux. The pro-
gressionfrom \solid to dashedto dotted" goesfrom \ideal
to realistic."

dark energy equation-of-state, assumingw = const |If
the CMB measuremeh of D is assumedto be \p erfect”
( p = 0) aswasdonein Ref. [@], the predicted , drops
signi cantly with increasingredshift and continuesto do
sooutto z 1:5. The e ect of a\p erfect" matter den-
sity prior (,, = 0) is similar. This qualitativ e behavior
can be understood by referring to Fig. fll and considering
the intersection of the CMB line (now an in nitely thin

ellipse) with the SNe ellipsesor of a vertical line ( xed

m ) with the SNe ellipses. The decreasingwidth of the
SNe ellipseswins out over the decreasingcomplemenar-
ity at higher redshift.

The qualitativ e behavior changes,however, when nite
precisionfor the CMB and matter density measuremets
is taken into accoun; as examples,for the CMB we use
the projected Planck accuracy discussedabove, and for
the matter density we assume ,, = 0:03. Not only
is the uncertainty , larger in these cases,but it now
reachesa minimum at z  0:2 and risesslightly at higher
redshift. For nite widths of the matter density or CMB
priors, the decreasingcomplemenarit y now wins out over
the decreasingwidth of the SNe ellipse with increasing
redshift.

Thus far, we have not allowed for systematic error in
measuring the supernova ux at a given redshift. This
meansthat by measuring a large number of supernovae
at a givenredshift, the ux and thereby r(z) can be de-
termined to arbitrarily high accuracy In reality, the



presenceof residual systematic uncertainty is likely to
imposea o or to improvemert. As a simple model for
irreducible systematic error in the SNe measuremets,
we assumeEhe ux error in a specied redshift interval
is givenby = (0:02)2 + (0:15)2=N; mag, where 0.15 mag
is the assumedstatistical error per SN, 0.02 mag is the
irreducible error,>2 and N; is the number of supernovae
obsened in that redshift interval. This model penal-
izesobservinglarge numbers of SNe at the sameredshift
sincethe irreducible error addsto the Poissonerror: one
reachesdiminishing returns for N; 100, at which point
the error isonly  20%larger than its asymptotic value.
While this model is certainly simplistic, it capturesin a
straightforward way the essetial point: increasing the
number of SNe cannot decreasethe measurederror in
Hor(z) to arbitrarily small values[@].

Figure E illustrates the e ect of systematic error. At
redshifts lessthan about z  0:5, systematic error in-
creases , signi cantly: without the irreducible ux er-
ror, the estimate for , wasoptimistically small because
the ux error was allowed to decreaseto a tiny value
( 0:003mag). With systematic ux error included, the
predicted error in w from a combined Planck CMB mea-
suremen and a hypothetical sample of 3000 SNe (all at
redshift z) attens at z 1, with an asymptotic ampli-
tude ' 0:05.

As noted in Sec.ﬂl, realistic survey would not target
supernovaeall at a singleredshift, asassumedup to now.
Moreover, sincethe orientation of the SN error ellipse in
the u {w plane rotates with z (seeFig. ﬂ) a spread of
SNe redshifts helps break the degeneracybetween
and w. In the next Section, we consider more realistic
strategiesfor the supernova redshift distribution to opti-
mally probe dark energy

IV. STRA TEGIES FOR CMB/SNE
COMPLEMENT  ARITY

A Optimal

The issue of optimal strategies for determining dark
energy properties using SNein a realistic experiment has
been addressedin Refs. [[L4, 4]. Here, we extend these
results to incorporate CMB anisotropy and other mea-
suremerts.

2In practice, the level of the residual systematic error depends
on survey design, e.g., telescope aperture and stabilit y, wavelength
coverage, observing cadence, point spread function, seeing, sky
background, etc. The systematic error quoted here is based on
the fact that SNAP is specically designed to achieve 0.02 mag
systematic error in redshift bins of width z = 0:1.
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FIG. 3: Optimal redshift distributions in bins of width
z = 0:1 for determining w from SNe alone (red) and
with CMB information added (greenand blue). All cases
assumezmax = 1:7 and no systematic error. The per-
fect CMB prior (blue, p = 0) is a\strong" prior: the
optimal distribution comprisestwo delta functions; the
Planck CMB prior (green)is not \strong", asthree delta
functions remain. For comparison, the black histogram
shows a \ducial" SNAP + SN Factory redshift distri-

bution with 2812+300 SNe.

1 No systematic error

The optimization problem can be stated as follows:
we have three cosmologicalparameters(M , y, and w;
later we will add a fourth, dw=dz); we have \prior infor-
mation" (from the CMB anisotropy and/or an indepen-
dent determination of \;); and we wish to determine
the redshift distribution of the SNewhich minimizes the
error on w, with the constraint that they are con ned to
the interval [0; zmax]. For now, we assumethat the total
number of obsened SNeis held xed, and we do not in-
clude systematic error in the SNe measuremets. Later
we will relax both of these assumptions.

Huterer & Turner [@] shoved that for the N-
parameter problem with no priors, the optimal redshift
distribution comprises N delta functions, with one at
z = 0, one at znhax, and the others in between. The
amplitudes of the delta functions and their positions rel-
ative to zmay vary little with the value of zmay .2 Adding
a \strong" prior on one, or a combination, of the three

3The optimization can be done with respect to the errors of
the individual parameters or the determinan t of the Fisher matrix
(\area of error ellipse" for the two-parameter problem). The results
in the two casesare similar. We will minimize  unless otherwise



=0.1

Number of SNe pebz
S
3
T
|

2000

== fiducial, SNe 1
- Optimal, SNe 15, =0.03 ]

l optimal, SNe By = 0.01
M

optimal, SNe 4s,, = 0.004 |
M

[ no systematic

H

(oa)

o

o
T

500

FIG. 4: Same as Fig. 3, except with matter density
priors of |, = 0:03 (blue), 0.01 (green), and 0.005
(yellow). The matter density prior is only \strong" for
" 0:005. For a strong matter-density prior, the
delta function at zy.x disappears becausethe highest
redshift SNe preferertially probe the matter density.

parametersreducesthe number of delta functions by one,
adding two \strong" priors reducesthe number of delta
functions by two, and soon. A \strong" prior is onethat

constrainsone, or a combination, of the three parameters
better than the SNe measuremets alone would. In ac-
tualit y, this is a corntin uous process,with the amplitude

of one of the delta functions going to zero asthe quality
of the prior improves. Further, for smaller znax it is eas-
ier to have a\strong" prior, sincethe SNe constrain the
parameterslesswell.

For illustration we consider a survey of about 3000
SNe with survey depth zmax = 1:7. These choices are
motivated by the proposed SNAP survey [@] and thus
provide a useful benchmark (SNAP should obtain 3000
Typela SNein about two yearsof obsenations). FigureE
showsthe optimal SNeredshift distribution with no CMB
prior, a perfect CMB prior ( p = 0), and the Planck
prior (seeSec.m[). For comparison, we also shov one of
the redshift distributions currently proposed for SNAP
(2812 SNe in the redshift interval 0:1 1:7) combined
with that for the Nearby SN Factory (300 SNe at z <
0:1). We seethat a \p erfect" CMB prior is a \strong"
prior: the optimal SNedistribution in this casebecomes
two delta functions, oneat z = 0 and oneat Z = Znay .
The Planck prior is not strong: in this case,three delta
functions remain, at z = 0;0:5, and 1.7. Figure §§ shows

noted.

the optimal SNeredshift distribution using \ instead
of CMB priors, with ,, = 0:005, 0:01;, and 0.03. The

m prior is only \strong" for ,,  0:005.

In Figs. E and E the z 0 peaksin the optimal
distributions serve mainly to determine M . Indeed,
the Nearby SN Factory redshift distribution is strongly
peaked at z  0:05, in part for this reason? We could
have simply imposeda prior on M instead of including
this portion of the redshift distribution.

Finally, it is important to considerhow much improve-
ment the optimal redshift distribution actually provides
compared to a uniform distribution or the SNAP+SN
Factory distribution: for the casesshown in Figs. Eand
E, w IS typically 20% to 30% smaller for the optimal
distribution.

2 Inclusion of systematic error and evolution of w

Now we considerthe e ect of systematic ux error on
the optimal SNeredshift distribution. As before,we use
the simple model of an irreducible ux error of 0.02 mag
in ead redshift interval of width z = 0:1. We should
expect that this will broaden the optimal distribution,
sinceit is more expediert to spreadthe remaining SNe
to other redshift bins oncethe error in a given bin be-
comescomparable to the irreducible error. Figs. E and
B show the optimal SNe redshift distributions, with and
without CMB and | priors, in the presenceof sys-
tematic errors. Figs. 5a and 6a show results for the
w = const caseas before, while Figs. fo and fib allow
for ewlution of the equation-of-state, w(z) = wp + wyz,
with wy = dw=dz,-o. Comparison of Figs. fa and fla
with Figs. § and [§ shows that inclusion of systematic er-
ror indeed changesthe optimal distribution signi cantly,
broadeningit to becomemore uniform.

For the caseof constart w (Figs. Ba and ), the gain
in performance for the optimal SNe distribution vs. a
uniform or SNAP+SN Factory distribution is reducedto
only 3 5% when systematic errors are included. We nd
that a number of qualitativ ely di erent redshift distribu-
tions yield essetially the samevalueof . In particular,
in this case , is relatively insensitive to zmax : there ex-
ist distributions with no SNe at z > 1 which yield
only 3% larger than the optimal value (see also Fig. ﬁ
below).

The situation is markedly di erent if we allow for time
variation in the equation-of-state. In Figs. Bb and fb,
we show the distributions that minimize , (the results
are almost identical if , is minimized instead). In the
presenceof CMB or matter density priors, the optimal
distributions now include larger numbers of SNe at high

4The SN Factory has another important purp ose: the system-
atic study of Typela SNe to better establish their e cacy as stan-
dardizable candles.
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FIG. 5: Optimal redshift distributions for determining w
by 3000SNe measuremets alone (red solid line) and for
3000 SNe + Planck CMB measuremets (cyan dashed
line), with zmax = 1:7 and including systematic error.
For comparison, the black histogram shaws the du-

cial SNAP + SN Factory redshift distribution. Bins of
width  z  0:25 are used solely for numerical corve-
nience. (a) Constart w; (b) ewlving equation-of-state,
w(z) = wo+ w;yz. The optimal distributions are no longer
sums of delta-functions when systematic error is taken
into accourt.

redshift. Furthermore, SNe in the high-redshift range
1< z < 1:7 are crucial for precision constraints to wy,
even in the presenceof a strong prior. For example, as
Zmax increasesrom 1to 1.7, ,, decreasedy more than
a factor of two, cf. Fig. f.

3 Gains from complementarity

The precedinganalysis shows that, for xed zmna, the
error on w is only weakly dependert on the SNe red-
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FIG. 6: SameasFig. E exceptfor matter-density priors.

shift distribution: in the presenceof systematic error,
distributions which are broadly spread over the range
0 < z < zmax dier only slightly in their performance.
Therefore the chief determinant of the error is zmax it-
self, and we now addresshow the e cacy of SNe with
complemenary information depends on this maximum
redshift. In Fig. [], we show the e ect of various CMB
and matter density priors on the predicted value of , vs.
Zmax , @ssumingw = const, with systematic error mod-
eledasbeforeand assuminga scaledversionof the SNAP
+ SN Factory distribution of redshifts.> (As noted above,
the optimal redshift distribution with the samevalue of
Zmax Would yield only slightly smaller ,.) Figureﬂ also
includes the error on w for the caseof no CMB prior or

SWhen varying zmax from its ducial value of 1.7, we truncate
the ducial SNAP distribution at the new zmax and scale it to
preserve the total of 2812 SNe. The SN Factory distribution is
then added unchanged { 300 SNe in the lowest redshift bin.



knowledge of the matter density (black curve).
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FIG. 7: The predicted , vs. SNe survey depth for

a combined set of experiments: (a) SNe only (black),
(b) SNe + MAP (temperature only) (maroon dashed),
(c) SNe+ MAP (temperature and polarization) (orange
dotted), (d) SNe+ ( ,, = 0:03) (green), () SNe +
( w = 0:01) (red), (f) SNe + Planck (blue), and (9)
SNe+ Planck + ( ,, = 0:01) (purple). In all caseswe
assumethe scaledSNAP + SN Factory redshift distribu-
tion and an irreducible systematic error in ux measure-
ments of 0.02mag in redshift bins z = 0:1.

The primary e ect of incorporating additional infor-
mation, from either the CMB or the matter density, is to
dramatically decrease ,, at redshifts lessthan one and
thereby lessenthe dependenceof , on zna . With SNe
only, , decreasedrom 0.8to 0.15as zmax IS increased
from 0.5to 1.5. With the Planck or matter density prior,

w decreasedessrapidly and levelso at z 1. Note
that the Planck prior is more e ectiv e than either matter
density prior shavn. Evencombininga ,, = 0:01 prior
with Planck provideslittle improvemert over the Planck
prior alone. Although an independert determination of

m to 0:03cansubstartially improvethe precisionwith
which w can be determined if zmaxy 1.5 [@], the Planck
CMB prior by itself doesbetter by a factor of two.

As mertioned at the end of Sec [I], time variation in the
equation-of-state is generically expected and is a poten-
tially important discriminator betweendark energy mod-
els. Allowing for ewolution, with w(z) = wo+ w;2,° there
are now four parametersto determine: M ; \ ;wo;, and
wi. As Figs. f and § illustrate, without an additional

6As discussedin Ref. @] the exact form chosenfor the param-
eterization is not esserial.
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FIG. 8: Sameas Fig. ﬂ but for wo, wherew(z) = wp +
w1z. The curvesfor SNe+ MAP are not shown.
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FIG. 9: SameasFig. Ij but for wy = (dw=d2)j,=¢, where
w(z) = wp + wyz. The curves for SNe+ MAP are not
shown.

prior, SNe have little leverage on wo and wy [fL0, B
An independent determination of the matter density to

0:03{ not much more stringent than already achieved:
0.04 [E] { would allow wy and w; to be determined to
precision of about 0:1 and 0:35 for zmax 1.7 [@].
The Planck prior is just asgood asa ,, = 0:03 matter
density prior for wp (if znax 1) and better for wi. Note
that the improvemert with surveydepthin , (andto a
lesserextent ,) cortinuesout to zmax = 2 in all cases.
That is, evenin the presenceof complemerary informa-



tion from the CMB or the matter density, a SNe survey
aimed at detecting and constraining the ewlution of the
dark energy equation-of-state should extend out to high
redshift, znaxy 1.5 2.

Thus far, our discussionof CMB anisotropy has been
con ned to the Planck mission. It is alsoworth consid-
ering what can be learned from the ongoing MAP exper-
iment. As noted in Sec.ﬂl, with temperature anisotropy
measuremets alone, MAP can determine D about 10
times less accurately than Planck, p ' 0:3. In this
case,MAP provides a far lessuseful prior than the mat-
ter density prior = 0:03(about a factor of two worse
for ), cf. Fig. Even if MAP can achieve its full
polarization capability (a factor of two improvemert in

D [@]), a MAP prior is still not asgood as the matter
density prior ,, = 0:03. Moreover, mapping the po-
larization anisotropy on large angular scales| whereit
helps determine w indirectly, by imposingan upper limit
to the ionization optical depth | will be dicult in
the presenceof polarized syndrotron radiation from the
Galaxy. Finally, we mertion that while polarization mea-
suremerns also have the potential to improve the Planck
determination of D (by about 50%), this only improves
the joint SNe/CMB determination of w by about 15%.
The reasonis simple: it is the width of the SNe error
ellipse that cortrols .

B Resource limited

In the analysis so far, we have assumeda xed total
number of obsened supernovae, Nsy = 3112. Howeer,
the resourcesrequired to discover and follow up a super-
nova depend in generalupon its redshift. Thus, an im-
portant but more complicated problem involvesthe opti-
mization of the determination of dark energyparameters
with xed total resources. Actually determining what
these xed resourcesare (e.g., discovery time, follow-up
time, spectroscopy time) and how much ead supernova
“costs'is beyond the scope of this paper (relevant ongo-
ing studies can be found at [E]). We note that these
costs will depend in detail upon a variety of technical
factors: telescope aperture, pixel sizeand number, CCD
guantum e ciency, sky brightness, atmospheric seeing
(for ground-basedobsenations), required signal to noise,
etc.

As a highly simpli ed model, let the normalized cost of
ead supernova obsened at redshift z be (1+ z)™, sothat
thestotal cost of a survey that follows up N supernovae
is iNzl (2+ z)™. The problemis to nd the optimal
SNe redshift distribution for xed total resources(total
cost) R. For SNAP, the observing time cost for spec-
troscopy or photometry per supernova is estimated to
scaleas (1+ z)® for xed signalto noise[@]. In the case
of wide eld, multiplexing photometry that SNAP is de-
signed for, simultaneously discovering and following up
supernovae by repeatedly sweepingthe same eld could
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FIG. 10: The resource-optimizedredshift distributions
for determining (constant) w by (a) SNe measuremets
aloneand (b) SNe+ Planck, including systematic errors,
assumingthe cost per supernova scalesas (1 + z)™, for
m = 0;3;6. The ducial SNAP + SN Factory distribu-
tion is shavn for comparison.

reducethis by a large factor. To spanthe plausible range
of cost functions, we shaw results for m = 0; 3, and 6.
To x the total resourcesR, we assumethat there are
su cien t resourcedo carry out a survey of 3112SNewith
the ducial SNAP + SN Factory redshift distribution
shown, e.g.,in Fig. E That is, for a givenvalue of m, we
X R by computing the total cost of the ducial SNAP
+ SN Factory redshift distribution. Then we nd the
SN redshift distribution that minimizes , within the
resourceconstraint, i.e., for the samevalue of R. If we
place no upper bound on the number of SNe per redshift
bin, the number of SNeat low redshifts would be driven
to huge valuesas m is increased. Clearly a distribution
with many thousands of SNe in any redshift bin is not
experimertally realistic, and the systematic error makes
this an unwise choice: the gainsin terms of reduced ,
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FIG. 11: Sameas Fig. IE but with w(z) = wp + wy z.

are negligible oncethe number of SNe per bin goesmuch
above 100. We therefore imposethe further constraint
that the number of SNe per redshift bin of width 0.25
not exceed(a very generous)1000.

The results for m = 0; 3, and 6 are shown in Figs. @
and E again for zynax = 1:7, the same model for irre-
ducible systematic error as above, and either no prior
from the CMB (Figs. , Iﬂa) or the Planck prior
(Figs. ,Iﬂb). In Fig. [LQ, we assumeconstart w, while
in Fig. w can ewlve. We note that the performance
of the optimal distribution in minimizing  (or w,)
is only 2 to 10% better than the SNAP + SN Factory
distribution in all cases.

Consider rst the constart w case. Figure [L( shows
that, as m increases,SNe start lling up the lower red-
shift bins to the maximum allowed number; this con-
tinuesuntil the resourcelimit is reached. While this is
strictly true for the Planck prior, with no prior a signif-
icant fraction of SNeremain in the highest redshift bin.
This behavior can be understood simply: without any
priors, the high redshift SNe are crucial for breaking the
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degeneracybetween \ andw (seeFig. E); the addition
of the Planck prior partially breaksthis degeneracyand
the number of SNein the highest redshift bin therefore
decreases.

The caseof ewlving w is qualitativ ely similar, with
one important di erence: the high-z subsampleof SNe
is always presen in the optimal distribution, regardless
of the prior or the value of m. As Fig. E shows, the
highest redshift bin always has a signi cant number of
SNe (" 500), even for m = 6, when their costis large.

Although the exact optimal distribution for a given
value of m, and the correspnding valuesof , and .,
will depend in practice on details of the optimization |
the number of redshift bins and the maximum number
of SNeallowed per bin | someclear trends emergefrom
this analysis. While the lower redshift bins becomerel-
atively more populated in the optimal distributions (re-
ecting the lower cost of low-redshift SNe), the impor-
tance of high redshift supernovae remains: in all cases,
at least 800 SNe are at redshifts z > 1. For the constart
w casewith no Planck prior, or for ewlving w regardless
of prior, these high-redshift SNe are crucial to making
the error on w small enoughto be useful.

Clearly we have just scratched the surfacewith regard
to resource-limited optimization; to proceedfurther, one
would needa much more quartitativ e description of the
resourcesavailable and the systematics.

V. SUMMAR Y AND CONCLUSIONS

Unraveling the nature of dark energy is one of the
outstanding challengesin physics and astronomy. De-
termining its properties is critical to understanding the
Universeand its destiny and may shedlight on the funda-
mental nature of the quantum vacuum and perhapseven
of space-time. Type la supernovae and CMB anisotropy
can both probe the dark energyequation-of-statew, and
we have explored in detail the synergy betweenthe two.
With the MAP missionin progress,the Planck mission
slated for launch in 2007,and the designof dedicated SN
surveys now underway, suc a study is very timely.

CMB anisotropy alone cannot tightly constrain the
properties of dark energy becauseof a strong degener-
acy betweenthe averageequation-of-stateand the matter
density. SNecan probe w with a precisionthat improves
signi cantly with knowledge of the matter density, be-
causeHr(z) dependsonly uponw and y . A keyresult
of this paper is that CMB anisotropy measuremets by
the upcoming Planck mission have even more potential
for improving the ability of SNe to probe dark energy
The reasonis simple: in the y {w plane (Fig. ﬂ), the
CMB constraint is more complemerary to the SNe con-
straint than is determination of .

Compared to the matter density prior ,, = 0:03,
Planck CMB data reduce the predicted error , (un-
der the assumption of constart w) by about a factor of



two (Fig. E). In probing possiblevariation of w with red-
shift, the Planck prior is alsosigni cantly better than the
samematter density prior (Fig. ). Giventhe concernex-
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(Bstro-ph/0106038); A. Lewis and S. Bridle,

predsedby some (e.g., [P9) that a precise measuremen

ph/0205436

of the matter density independent of dark energy prop-
erties may be di cult, this is good news. On the other
hand, we nd that evenif MAP can successfullymeasure
polarization on large scales,its potential for complemen-
tarit y with SNe falls short of that for Planck and is not
asgood asthe |, = 0:03 matter density prior.

We have also explored how the SNe determination of
the dark energy equation-of-state, with or without prior
information from the CMB or the matter density, de-
pends upon the redshift distribution of the survey, in-
cluding the e ects of systematic error and a realistic
spread of SNe redshifts. For either constart or ewlv-
ing w, the optimal strategy calls for signi cant numbers
of SNe above redshift z 1. For the constart w case
with no Planck prior, or for ewlving w regardless of
prior, these high-redshift SNe are necessaryfor achiev-

[4] M.S. Turner and M. White, Phys. Rev. D, 56, R4439
(1997)

[5] S. Perlmutter, M.S. Turner and M. White, Phys.
Rev. Lett. 83, 670(1999)

[6] See,e.qg.,S. Weinberg, Rev. Mod. Phys. 61, 1 (1989)

[7] See,e.g., A. Dolgov, in The Very Early Universe,
eds. G.W. Gibbons, S.W. Hawking, and S. Siklos
(Cambridge University Press, 1983); K. Freese,F.
Adams, J. Frieman, and E. Mottola, Nucl. Phys. B
287, 797(1987); B. Ratra and P.J.E. Peebles,Phys.
Rev. D 37, 3406 (1988); C. Wetterich, Nucl. Phys.
B 302, 668 (1988); J. Frieman et al, Phys. Rev.
Lett. 75, 2077(1995); R.R. Caldwell, R. Dave, and
P.J. Steinhardt, Phys. Rev. Lett. 80, 1582 (1998);
M. Bucher and D.N. Spergel, Phys. Rev. D 60,
043505(1999); for a review, seeS.M. Carroll,

ing | w < 0:1. Observing substartial numbers of SNe

ph/0107571

at these high redshifts also provides the only hope of
probing time ewlution of the equation-of-statewith rea-
sonableprecision. Moreover, the improvemert in gy =gz

continuesto high redshift:  y,-q, falls by more than a
factor of two when zny5« increasesfrom 1 to 2 (Fig. E)

Since we currently have no prior information about (or

consensugphysical models which signi cantly constrain)

the time variation of w, the designof a SNe survey aimed
at probing dark energyshould take into accourt the pos-
sibility that w ewlves. Theseconclusionsabout the need
for high-redshift supernovae do not change signi cantly

if we considera hypothetical survey for which resources
are constrained and a redshift-dependert costis assigned
to eadh supernova.

Ref. [@] raised the question whether a shallow SNe
survey is better than a deeponein determining the dark
energy equation-of-state, given prior knowledgefrom the
CMB. Our results indicate that it is not, oncethe SNe
and CMB experimerts are realistically modelled. On the
cortrary, CMB/SNe complemenarity strengthens the
casefor a deepSNesurvey that extendsto redshiftz 2.
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