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INTRODUCTION

Rocket vehicles are subjected to aerodynamic pressure excitation as they ascend in the
atmosphere. The excitation sources include aerodynamic shockwaves, turbulent
boundary layers, and recirculating flow. Furthermore, the excitation pressure fluctuates,
with a broadband random characteristic.

Shockwaves begin to form along the rocket body as the vehicle approaches and surpasses
the transonic velocity. Note that the local airflow must follow the geometry of the
vehicle. Thusthe local airflow reaches supersonic speed before the vehicle itself reaches
supersonic speed.

The excitation is aso severe as the vehicle encounters its maximum dynamic pressure
condition.

The purpose of this report is to present empirical methods for determining the
aerodynamic pressure power spectral density at stations along a rocket vehicle body for
various flow regimes. The equations are based primarily on Reference 1.

The methods present are approximate. A particular problem is that shockwaves may
traverse the length of the vehicle during the brief period that the vehicle accelerates
through the transonic velocity.

The flow regimes are shown in Figures 1 through 9.
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Figure 1. Cone-Cylinder Geometry, Subsonic, Shoulder Separation

Figure 2. Cone-Cylinder Geometry, Transonic Shockwave Oscillation with Attached
Flow

Figure 3. Cone-Cylinder Geometry, Supersonic, Attached Flow



Figure 4. Cone-Cylinder Geometry with Separated Flow near Compression Corner,
Subsonic

Figure 5. Cone-Cylinder Geometry with Separated Flow near Compression Corner,
Transonic

Figure 6. Cone-Cylinder Geometry with Separated Flow near Compression Corner and
Shockwaves, Supersonic
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Figure 7. Shoulder and Boattail Induced Separation, Subsonic
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Figure 8. Shockwave Oscillation with Boattail Induced Separation, Transonic
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Figure 9. Attached Flow with Boattail Induced Separation and Shockwave Oscillation,
Supersonic




ATTACHED FLOW

Boundary Layer Displacement Thickness

The boundary layer displacement thickness d* for an attached flow is
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where

M = Mach number
Rex = Reynolds number based on distance x

X = distance from the start of boundary layer growth

Equation (1) is taken from References 1 and 2.

The boundary layer thickness d is the thickness for whichu=0.99 uy .

@)

The displacement thickness d* isthe thickness in africtionless flow that would yield the

same mass flow rate in a viscous flow.

Note that the Reynolds number for flow over aflat plateis

Rey = Uy X
n
where
Uy = freestream velocity
X = distance from the start of boundary layer growth
n = kinematic viscosity

Equation (2) taken from Reference 3.
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RMS Pressure for Attached Flow

The RMS pressure p ymg for an attached boundary layer is given by

Prms 0.010
= (©))
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where

q = dynamic pressure

&ly O
F =05+ 2(0.5 +0.09M 2)+ 0.04M?
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Tw =wall temperature

Ty = adiabatic wall temperature

Theratio T,y /T gy IS Often taken as unity as a simplifying assumption.

The dynamic pressure g is
1 2
==ru 4
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where r isthe density of the gas or fluid.

Note that the Mach number is related to the free stream velocity by

Uy

M =—*
C
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where c is the speed of sound.

The speed of sound varies with temperature, and hence with atitude, as shown in
Appendix A.



Power Spectral Density for Attached Flow

The power spectral density G(f) for attached flow is

Uy éprmsu” € FL48 0
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where
f =frequency
*
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Equation (6) is taken from References 1 and 4.

SEPARATED FLOW AND SHOCKWAVES

Compensation Factor

A compensation factor Ceomyp is needed to account for alow frequency shift of energy
for separated flow and shockwaves.

Compression Corner Plateau Region, Transonic Flow

The compensation factor is
Ceomp =3 ()
The compensated RM S pressure is

&P ms U _ . 0.025
&—u = . ®)
¢ 9 Ocomp 1+M

Equation (8) is taken from Reference 1.



Compression Corner Reattachment Region, Transonic Flow

The compensation factor is
Ceomp =9 ©)
The compensated RM S pressure is

éPms U 0.10

&—— = > (10)
¢ 9 Geomp 1+M

Equation (10) is taken from Reference 1. Note that the ratio is four times greater for the
reattachment region than for the plateau region, for transonic flow at a compression
corner.

Compression Corner Plateau Region, Supersonic Flow

The compensation factor is

Ceomp =10 (12)

The pressure ratio for the shockwave at the separation point must be considered for this
case.

Let
P1 = dtatic pressure upstream of shockwave
P, = dtatic pressure downstream of shockwave
a = frustum angle

M1 = upstream Mach number

Definean angle q as
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g=a+acsn (12)
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The pressure ratio is

éPou 1 2. 2
ée—u=-—128M1°9n"q - 04
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Equation (13) is taken from Reference 1.

The turbulent boundary layer RMS pressure is

éPrmsU  _ 0.006
E—u = —
¢ d ag F

Equation (14) is taken from References 1 and 4.

The compensated RMS pressure is

€P ms U _ ePmsu  éPau
¢ Y - € u - esu
e 4 Ocomp € 9 Gy e"10

Compression Corner Separation or Reattachment Shockwave

The compensation factor is

Ceomp =30
The pressure ratio is

éPou 1 )
é—zu:— 2.8M1251n2q - 04
aP1g 24

The turbulent boundary layer RMS pressure is

éPrmsU  _ 0.006
E——u = —
& 9 O F
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The RMS shock pressureis

2( P ms )shock

< = -1181+17139—u 0468 &—j
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Equation (19) is taken from References 1 and 4.

€Pms U _ éPpmsu g(prms )shockg
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The compensated RMS pressure is
&P ms U _ gprmsu g(pfms )shocku
&1 = a & .
& 9 Ocomp € 9 Gy &Pms )t §

Power Spectral Density for Compression Corner

The power spectral density G(f) for a compression corner is

. L2
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where
f =frequency
W = 2pf d*
Uy

Equation (22) is taken from Reference 1.
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EXPANSION CORNER

Compensation Factor

A compensation factor Ceyp is needed to account for alow frequency shift of energy for
expansion corner flow.

Expansion Corner Plateau Region, Transonic and Supersonic Flow

The compensation factor for an expansion corner plateau region is

Cexp =3 (23)
The RMS pressure is

éPms u 0.040

e~ = 5 (24)
e g aexp 1+M

Equation (24) is taken from References 1 and 5.

Expansion Corner Reattachment Region, Transonic Flow

The compensation factor for an expansion corner reattachment region is

Cexp =9 (25)
The RMS pressure is

éPms U 0.16

&—ua = 5 (26)
e d Qep 1+M

Equation (26) is taken from Reference 1.
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Power Spectral Density for Expansion Corner

The power spectral density G(f) for an expansion corner is

F1.433 u

-

u e
O 7’ ~
G(f) 5= = 4 %—: U Ceypl v

(27)

Equation (27) is taken from Reference 1.
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APPENDIX A

Variation of the Speed of Sound in the Atmosphere with Altitude

The pressure, temperature, density and speed of sound for the international standard
atmosphere (ISA) can be calculated for arange of atitudes from sealevel upward. These
parameters are obtained from the hydrostatic equation for a column of air. Theair is
assumed to be a perfect gas.

The atmosphere consists of two regions.

The troposphere is the region between sea level and an atitude of approximately 11 km
(36,089 feet). Inredlity, the boundary may be at 10 to 15 km depending on latitude and
time of year. The temperature lapse rate in the troposphere is taken as L= 6.5 Kelvin/km.
The actual value depends on the season, weather conditions, and other variables.

The stratosphere is the region above 11 km and below 50 km. The stratosphere is divided
into two parts for the purpose of this tutorial.

The lower stratosphere extends from 11 km to 20 km. The temperature remains constant
at 217 Kelvin (-69.1 F) in the lower stratosphere.

The upper stratosphere extends from 20 km to 50 km. The temperature rises in the upper
stratosphere.

Basic Equations

The hydrostatic equation for pressure P and altitude his

= =7 A-1
T g (A-1)

where
r = mass density,
g = gravitational acceleration.

The perfect gas equation is

P=r —T A-2
K (A-2)
where

R isthe universal gas constant,

M is the molecular weight,
Tk isthe absolute temperature in Kelvin.
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Note that for air,

R _8314.3 J(kgmale :K)
M 28.97 kg/ kgmole
M kg XK
2 2
R pgy /e
M K
Troposphere

The temperature lapse equation for the troposphere is

T=Ty Lh

Recall the formulafor the speed of sound in a perfect gas.

c = gé‘igT
\J eMg k

The speed of sound in the troposphere is thus

c= \/ggdig(To- Lh)
eM g

(A-3)

(A-4)

(A-5)

(A-6)

(A-7)

(A-8)

The standard sea level temperatureis T, = 288 Kelvin. Again, L= 6.5 Kelvin/ km for

the troposphere.

Substitute equation (A-6) into (A-2) to obtain the perfect gas law for the troposphere.

R
P=r M[To- Lh]
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The density in the troposphere can thus be expressed as

N (A-10)

R
M[To' Lh]

Solve the hydrostatic equation for a constant lapse rate. The resulting equation gives the
pressure variation with atitude. Neglect the variation of gravity with altitude. Rewrite
equation (A-1).

dP =-rgdh (A-11)

Substitute equation (A-10) into (A-11).

M[To' Lh]
aP_. RL dh (A-13)
© CTo Lh]

The hat sign is added in order to prevent confusion between the integration variables and
the limits.

Pd |5 \h g ~

=9 _dh (A-14)
Q% QRE ]
M
n[ElS = MIyn[r,- Lﬁ]h (A-15)
P LR 9 T
EPU_M
Ing%g:L—F\?{ln[To- Lh]- In[To] (A-16)
éPU_Mg], €T, Lhij
Ine—= Ing& 7 (A-17)
Sl
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éMgg
éPU_éT,- LhUELR Y
& =& (A-18)
eou e o u

The pressure in the troposphere is thus

éMgg
€To- Lhu
P = Pog o M ELRE (A-19
e o u

Note that the sea level pressureis Py =101.3kPa.
The density in the troposphere is obtained from equations (A-10) and (A-19).

éMgg
€To- LhUELR Y
Poe: T U
r= eR ° u (A-20)
—|T4- Lh
Rirg L]

Lower Stratosphere

Again, the temperature is constant in the lower stratosphere. The speed of sound is thus
constant in the lower stratosphere.

dP =-rgdh (A-21)

Let T be the constant temperature in the lower stratosphere.

P
dP=- r—ach (A-22)
M
aP__ M9 4 (A-23)
P RT,

The hat sign is added in order to prevent confusion between the integration variables and
the limits.
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- =- dh
QF @ RT ¢
h
In[P”P --Mgj
P RTe |y
éPU_- Mg
Ina—g= h- h
G
P - Mg u
— = exXpj h-hly
5 p%RTC[ 1]?5

The pressure in the lower stratosphere is thus

P= F’19<p:-—[h hl]t;

Note that Pq is the pressure at the lower atitude limit of the stratosphere.

The density in the lower stratosphere is thus

r —Wple’(p:' R_Tc[h hl][\;

Summary

(A-24)

(A-25)

(A-26)

(A-27)

(A-27)

(A-28)

The pressure, density, and speed of sound are given in Table A-1 for an altitude up to 20

km.
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Table A-1. Atmospheric Properties

Altitude Pressure Mass Density Temp. Temp. Speed of
(km) (kPa) (kg/m 3) (Kelvin) (°C) Sound
(m/sec)
0 101.3 1.226 288 14.9 340.2
1 89.85 1.112 282 8.4 336.3
2 79.47 1.007 275 19 332.4
3 70.09 0.9096 269 -4.7 328.5
4 61.62 0.8195 262 -11.2 324.5
5 54.00 0.7365 256 -17.7 320.4
6 47.17 0.6600 249 -24.2 316.3
7 41.05 0.5898 243 -30.7 312.1
8 35.59 0.5254 236 -37.2 307.9
9 30.73 0.4666 230 -43.7 303.7
10 26.43 0.4129 223 -50.2 299.3
11 22.62 0.3641 217 -56.2 295
12 19.33 0.3104 217 -56.2 295
13 16.51 0.2652 217 -56.2 295
14 14.11 0.2266 217 -56.2 295
15 12.06 0.1936 217 -56.2 295
16 10.30 0.1654 217 -56.2 295
17 8.801 0.1413 217 -56.2 295
18 7.519 0.1207 217 -56.2 295
19 6.424 0.1032 217 -56.2 295
20 5.489 0.0881 217 -56.2 295

Again, the valuesin Table A-1 are approximate. The actual values depend on the time of
day, season, weather conditions, etc.
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